can be established from a huge cardinal. Foreman remarked that such examples of individually consistent but mutually inconsistent generic large cardinals seem to be relatively rare. This paper brings to light a new class of examples through a strengthening of Woodin's theorem:
Theorem 0.1. Suppose κ is a successor cardinal and there is a κ-complete, κ-dense ideal on κ. Then neither of the following hold: (1) There is a weakly inaccessible λ > κ and a normal, κ-complete, λ + -saturated ideal on [λ] κ . (2) There is a successor cardinal λ > κ and a normal, κ-complete, λ-saturated on [λ] κ , where the forcing associated to the ideal has uniform density λ and preserves λ + -saturated ideals on λ.
The ideal on [ω 2 ] ω1 that Woodin hypothesized will be seen to be a special case of (2), and we will not need cardinal arithmetic assumptions in our argument. We will also give a relatively simple proof of the individual consistency of (1) and (2) from a huge cardinal, and even their joint consistency from a huge cardinal with two targets. For the individual consistency of dense ideals on general successors of regular cardinals, we refer to [2] .
Let us fix some terminology and notation. For any partial order P, the saturation of P, sat(P), is the least cardinal κ such that every antichain in P has size less than κ. The density of P, d(P), is the least cardinality of a dense subset of P. Clearly sat(P) ≤ d(P) + for any P. We say P is κ-saturated if sat(P) ≤ κ, and P is κ-dense if d(P) ≤ κ. A synonym for κ-saturation is the κ chain condition (κ-c.c.).
For an ideal I on a set Z, we let I + denote subsets of Z not in I. P(Z)/I denotes the boolean algebra of subsets of Z modulo I under the usual operations, where two sets are equivalent if their symmetric difference is in I. The saturation and density of I refer to that of P(Z)/I. For preliminaries on forcing with ideals, we refer the reader to [4] . The following is the key backdrop for this paper:
Proposition 0.2. Suppose I is a normal, λ + -saturated ideal on Z ⊆ P(λ). If G ⊆ P(Z)/I is generic, the ultrapower V Z /G is isomorphic to a transitive class M ⊆ V [G] . Suppose I is κ-complete but I ↾ A is not κ + -complete for any
Duality
In this section we present a generalization of Foreman's Duality Theorem [5] that will be used for both the mutual inconsistency and individual consistency of the relevant principles. Theorem 1.1. Suppose I is a precipitous ideal on Z and P is a boolean algebra.
denote a generic ultrapower embedding arising from I. SupposeK is a P(Z)/I-name for an ideal on j(P) such that whenever G * h is P(Z)/I * j(P)/K-generic andĤ = {p : [p] K ∈ h}, we have:
is P-generic over V , and (3) for all p ∈ P, 1 P(Z)/I j(p) ∈ K.
Then there is P-name for an ideal J on Z and a canonical isomorphism
Proof. Let e : P → B(P(Z)/I * j(P)/K) be defined by p → ||j(p) ∈Ĥ||. By (3), this map has trivial kernel. By elementarity, it is an order and antichain preserving map. If A ⊆ P is a maximal antichain, then it is forced that j
Whenever H ⊆ P is generic, there is a further forcing yielding a generic G * h ⊆ P(Z)/I * j(P)/K such that j[H] ⊆Ĥ. Thus there is an embeddingĵ :
It is easy to check that ι is order and antichain preserving.
We want to show the range of ι is dense. Let (B,q) ∈ P(Z)/I * j(P)/K, and WLOG, we may assume there is some f :
By the regularity of e, let p ∈ P be such that for all p ′ ≤ p, e(p ′ ) ∧ (B,q) = 0. LetȦ be a P-name such that p Ȧ = {z ∈ B : f (z) ∈ H}, and ¬p
forces B ∈ G and q ∈ h, showing ι is a dense embedding. Proposition 1.2. If Z, I, P, J, K, ι are as in Theorem 1.1, then whenever H ⊆ P is generic, J is precipitous and has the same completeness and normality that I has in V . Also, ifḠ ⊆ P(Z)/J is generic and
Z /Ḡ andĵ is the canonical ultrapower embedding.
Proof. Suppose H * Ḡ ⊆ P * P(Z)/J is generic, and let
Z /Ḡ is the canonical ultrapower embedding, then there is an elementary
Thus k is surjective on ordinals, so it must be the identity, and N = M [Ĥ]. Since i =ĵ andĵ extends j, i and j have the same critical point, so the completeness of J is the same as that of I. Finally, since
Theorem 1.1 is optimal in the sense that it characterizes exactly when an elementary embedding coming from a precipitous ideal can have its domain enlarged via forcing: Proposition 1.3. Let I be a precipitous ideal on Z and P a boolean algebra. The following are equivalent.
(1) In some generic extension of a P(Z)/I-generic extension, there is an elementary embeddingĵ :
, where j : V → M is the elementary embedding arising from I and H is P-generic over V . (2) There are p ∈ P, A ∈ I + , and a P(A)/I-name for an ideal K on j(P ↾ p) such that P(A)/I * j(P ↾ p)/K satisfies the hypothesis of Theorem 1.1.
Proof. (2) ⇒ (1) is trivial. To show (1) ⇒ (2), letQ be a P(Z)/I-name for a partial order, and suppose A ∈ I + andḢ 0 are such that P(A)/I * Q "Ḣ 0 is j(P)-
By the definition of K, we can force with Q over V [G] to obtain a filter
∈ K} is a maximal antichain in j(P)/K. For otherwise, there is p ∈ j(P) \ K such that p ∧ j(a) ∈ K for all a ∈ A. We can force with Q over V [G] to obtain a filter H 0 ⊆ j(P) with p ∈ H 0 . But H 0 cannot contain any elements of j[A], so
Lemma 1.4. Suppose the ideal K in Theorem 1.1 is forced to be principal. Leṫ m be such that P(Z)/IK = {p ∈ j(P) : p ≤ ¬ṁ}. Suppose f and A are such that A ṁ = [f ], andḂ is a P-name for {z ∈ A : f (z) ∈ H}. LetĪ be the ideal generated by I in V [H]. ThenĪ ↾ B = J ↾ B, where J is given by Theorem 1.1.
Proof. Clearly J ⊇Ī. Suppose that p 0 "Ċ ⊆Ḃ andĊ ∈Ī + ," and let p 1 ≤ p 0 be arbitrary. WLOG P is a complete boolean algebra.
Corollary 1.5. If I is a κ-complete precipitous ideal on Z and P is κ-c.c., then there is a canonical isomorphism ι : P * P(Z)/Ī ∼ = P(Z)/I * j(P).
, and M |= j(A) is a maximal antichain in j(P). Thus j −1 [Ĥ] is P-generic over V , and clearly for each p ∈ P, we can takeĤ with j(p) ∈Ĥ. Taking a P(Z)/I-nameK for the trivial ideal on j(P), Theorem 1.1 implies that there is a PnameJ for an ideal on Z and an isomorphism ι : B(P * P(Z)/J) → B(P(Z)/I * j(P)), and Proposition 1.4 implies that J =Ī.
Mutual inconsistency
Lemma 2.1. Suppose I is a normal ideal on Z ⊆ P(X) and |Z| = |X|. The following are equivalent:
is the largest element of P(Z)/I whose elements are in J. Thus J = I ↾ (Z \ ∇A x ). For (2) ⇒ (1), suppose I is not |X| + -saturated, and let {A α : α < δ} be a maximal antichain where δ ≥ |X| + . Let J be the ideal generated by {Σ α∈Y [A α ] : Y ∈ P |X| + (δ)}. Then J is a normal, proper ideal extending I. J cannot be equal I ↾ A for some A ∈ I + because if so, there is some α where
For the implication (1) ⇒ (3), see Propositions 2.12 and 2.23 of [4] . For (3) ⇒ (1) under the assumption |Z| = |X|, use Remark 2.13.
is a generic embedding arising from I, then by Loś's theorem, [id] < j(κ), and thus |λ| = µ in V [G]. Since λ + is preserved, j(κ) = λ + . Now suppose P is a κ-c.c. partial order. By Corollary 1.5, P preserves the λ + -saturation of I just in case P(Z)/I forces j(P) is λ + -c.c. The notion of a c.c.c.-indestructible ideal on ω 1 has been considered before, for example in [1] and [6] , and a straightforward generalization would be to say that for successor cardinals κ, a normal κ-complete λ + -saturated ideal on Z ⊆ P κ (λ) is indestructible if its saturation is preserved by every κ-c.c. forcing. For the next lemma however, we consider the dual notion by fixing a κ-c.c. partial order and quantifying over saturated ideals on a set Z.
Definition. P is Z-absolutely κ-c.c. when for all normal, | Z| + -saturated ideals I on Z, 1 P(Z)/I j(P) is j(κ)-c.c.
Such partial orders abound
Proof of the following basic lemma is left to the reader:
Lemma 2.2. Suppose e : P → Q is a regular embedding and κ is a cardinal. Q is κ-dense iff P is κ-dense and P Q/Ġ is κ-dense.
Lemma 2.3. Suppose κ = µ + and Z ⊆ {z ∈ P κ (λ) : z ∩ κ ∈ κ}. Suppose P is Z-absolutely κ-c.c. and κ ≤ d(P ↾ p) ≤ λ for all p ∈ P. Then in V P , there are no normal λ-dense ideals on Z.
Proof. Suppose p J is a normal, fine, κ-complete, λ + -saturated ideal on Z. Let I = {X ⊆ Z : p X ∈J}. It is easy to check that I is normal. The map σ : P(Z)/I → B(P ↾ p * P(Z)/J) that sends X to (||X ∈J + ||,[X] J ) is an orderpreserving and antichain-preserving map, so I is λ + -saturated. Let H be P-generic over V with p ∈ H. By Corollary 1.5,
, where e is the regular embedding from Theorem 1.1, soĪ is λ + = j(κ)-saturated by the Z-absolute κ-c.c. By Proposition 1.2,Ī is normal, and clearlyĪ ⊆ J. By Lemma 2.1, there is A ∈Ī + such that J =Ī ↾ A. Since j(P) is forced to be nowhere < j(κ)-dense, P(Z)/I * j(P) is nowhere λ-dense. Since d(P) ≤ λ, (P V (Z)/I * j(P))/e[H] is nowhere λ-dense. Thus J is not λ-dense.
We can now prove the mutual inconsistency of the following hypotheses when µ + = κ < λ = η + :
(1) There is a κ-complete, κ-dense ideal I on κ.
(2) There is a normal, κ-complete, λ-absolutely λ-saturated
Solovay observed that if there is a κ-complete, κ + -saturated ideal on κ, then there is a normal one as well. This also applies to dense ideals. For suppose I is a κ-complete, κ-dense ideal on some set Z. Let J = {X ⊆ κ : 1 P(Z)/I κ / ∈ j(X)}. It is easy to verify that J is normal and that the map X → ||κ ∈ j(X)|| is an order and antichain preserving map of P(κ)/J into P(Z)/I. If {X α : α < κ} is a maximal antichain in P(κ)/I, then [∇X α ] J = [κ] J , so 1 P(Z)/I (∃α < κ)κ ∈ j(X α ). Thus {e(X α ) : α < κ} is maximal in P(Z)/I and J is κ-dense.
Suppose (1) and (2) Under GCH, this part of the result can be strengthened slightly. Suppose λ <λ = λ and P is λ-c.c. If θ is sufficiently large, then we can take an elementary M ≺ H θ with P ∈ M , |M | = λ, M <λ ⊆ M . Then any maximal antichain in P ∩ M is a member of M , and by elementarity is also a maximal antichain in P. It is clear from the definition that in general, if P is Z-absolutely κ-c.c., then so is any regular suborder. So if P is also nowhere < λ-dense and λ-absolutely λ-c.c., forcing with P ∩ M will destroy all dense ideals on λ. To see that the same holds for P, supposeJ is a P-name for a normal ideal on λ and D = {Ȧ α : α < λ} is a sequence of names for subsets of λ witnessing thaṫ J is λ-dense. Let I = {X ⊆ λ : 1 P X ∈J}. As in the proof of Lemma 2.3, I is a normal λ + -saturated ideal on λ, and it is forced thatĪ =J ↾Ȧ for somė A ∈J + . Let θ be sufficiently large, and take
We may assume that eachȦ α andḂ take the form ∪ β<λ S β × {β}, where each S β is a maximal antichain, so that they are all P ∩ M -names.
Let G ⊆ P be generic and let G 0 = G ∩ M . Let I 0 be the ideal generated by I in V [G 0 ], and let I 1 be the ideal generated by
, there is some A α such that A α \ C ∈ J. But this just means that some Y ∈ I covers A α \ C, and this is absolute to κ .
Now we turn to the weakly inaccessible case. Suppose that κ = µ + , there is a κ-dense normal ideal I on κ, λ > κ is weakly inaccessible, and there is a normal,
is an embedding arising from J, then M |= j(I) is a normal, λ-dense ideal on λ, and V [G] satisfies the same by the closure of M . In V , we may define a normal ideal I ′ = {X ⊆ λ : 1 P([λ] κ )/J X ∈ j(I)}. As before, the map X → (||X ∈ j(I) + ||,[X] j(I) ) preserves antichains, implying I ′ is λ + -saturated. Now since λ is weakly inaccessible in V , whenever i : V → M is an embedding arising from I ′ , i(λ) > λ + since M has the same λ + and thinks i(λ) is a limit cardinal. By Lemma 2.1, for each α ≤ λ + , there is a function f α : λ → λ such that
The κ-density of the ideal on κ was only relevant to have a saturation property of an ideal on λ that is upwards-absolute to a model with the same P(λ). Furthermore, if we replace the ideal J on [λ] κ by one on {z ⊆ λ + : ot(z ∩ λ) = κ}, then we get enough closure of the generic ultrapower to derive a contradiction from simply a κ + -saturated ideal on κ. (This kind of ideal on P(λ + ) will also be shown individually consistent from a large cardinal assumption in the next section.) The common thread is captured by the following: Proposition 2.5. Suppose κ is a successor cardinal, λ > κ is a limit cardinal, and Z is such that λ ⊆ Z, and for all z ∈ Z, z ∩ κ ∈ κ and ot(z ∩ λ) = κ. Then the following are mutually inconsistent: (1) There is a κ-complete, Z-absolutely κ + -saturated ideal on κ. (2) There is a normal λ + -saturated ideal on Z.
Consistency
First we introduce a simple partial order. The basic idea is due to Shioya [7] . If µ < κ are in Reg (the class of regular cardinals), we define:
The ordering is reverse inclusion. It is a bit more convenient to view P(µ, κ) as the collection of partial functions with domain contained in κ 3 such that:
• ∀(α, β, γ) ∈ dom p, α is regular, µ < α < κ, γ < α, and p(α, β, γ) < β.
• |{α : ∃β∃γ(α, β, γ) ∈ dom p}| < µ.
• ∀α|{(β, γ) : (α, β, γ) ∈ dom p}| < α.
Proof of the next two lemmas is standard.
Lemma 3.1. If µ is regular and κ > µ is inaccessible, then P(µ, κ) is κ-c.c., µ-closed, and of size κ.
Suppose that there is elementary embedding j : V → M with crit(j) = κ and
+ . This is substantially weaker than a 2-huge cardinal, which is when λ = j 2 (κ). The hugeness of κ with target λ is equivalent to the existence of a normal κ-complete ultrafilter on [λ] κ , and a shorthand for this is "κ is λ-huge." The slightly stronger hypothesis is equivalent to the existence of a normal κ-complete ultrafilter on {z ⊆ λ + : ot(z ∩ λ) = κ}. The next result shows the relative consistency of the type of ideals mentioned in (1) of Theorem 0.1 and in the discussion preceding Proposition 2.5. Proposition 3.3. Suppose that λ > κ and there is a κ-complete normal ultrafilter on Z such that ∀z ∈ Z(ot(z ∩ λ) = κ). If µ < κ is regular and G ⊆ P(µ, κ) is generic, then in V [G], κ = µ + , λ is inaccessible, and there is a normal, κ-complete, λ-saturated ideal J on Z, such that P(Z)/J ∼ = P(µ, λ)/G.
Proof. Let I be the dual ideal to a κ-complete normal ultrafilter on Z and j the associated embedding. By Corollary 1.5, P(µ, κ) * P(Z)/Ī ∼ = P(µ, λ).
, so the map given by Theorem 1.1 shows the desired isomorphism. The normality and completeness claims follow from Proposition 1.2. It is clear that P(µ, λ) forces κ = µ + and preserves the inaccessbility of λ.
Lemma 3.4 (Shioya [7] ). Assume GCH, κ is regular, λ ≤ κ is inaccessible, and P is κ-c.c. and of size ≤ κ.
Proof. First note that Col(κ, λ) is isomorphic to the subset of conditions q such that dom(q) ⊆ Reg ×κ, since Col(κ, η
for all η. So we work with this partial order instead.
Inductively choose a sequence of P-names for ordinals below λ, τ α : α < λ , such that for every regular η ∈ [κ, λ] and every P-name σ, if σ <η, then there is α < η such that σ = τ α . For a given q ∈ Col(κ, λ) V , let τ q be the P-name for a function such that dom(τ q ) = dom(q), and for all (α, β) ∈ dom(q),
To show π is a projection, suppose p ∈ G and p q 1 ≤ π(q 0 ). By the κ-c.c., there is some d ⊆ λ × κ such that |d| < κ and domq 1 ⊆ď. Working in V , if (α, β) ∈ d \ dom(q 0 ), then there is a name r(α, β) for an ordinal < α such that p (α, β) ∈ dom(q 1 ) →q 1 (α, β) = r(α, β). Then r ∪ q 0 = q 2 ≤ q 0 , and p τ q2 ≤q 1 . Now we show the relative consistency of the type of ideal mentioned in (2) of Theorem 0.1: Theorem 3.5. Assume GCH, µ < κ < δ < λ are regular and κ is λ-huge. P(µ, κ) * Col(δ, < λ) forces that κ = µ + , λ = δ + , and there is a normal, κ-complete, λ-
κ of uniform density λ.
Proof. Let I be the dual ideal to a κ-complete normal ultrafilter on [λ] κ , and j : V → M the associated embedding. It is easy to show that under 2
, and by Proposition 1.2,ĵ is also a generic ultrapower embedding arising fromĪ. There is a projection from P (µ, λ)/G to Col(δ, < λ) V , and by Shioya's lemma, there is in Thus we have a P([λ] κ )/Ī-name for a filterĤ ⊆ Col(j(δ), < j(λ)) that is generic over M [Ĝ], and such thatĵ
κ with quotient algebra isomorphic to P(µ, λ)/(G * H). Because coordinates in [κ, λ)\{δ} are ignored by the projection, this forcing has uniform density λ.
It remains to show the absoluteness of the λ-c.c. First we note the following properties of P(µ, λ) in V :
(a) For all η < λ, |{p ↾ η 3 : p ∈ P(µ, λ)}| < λ. (b) If η < λ is regular and dom p ⊆ η × λ 2 , then the ordertype of dom p in the Gödel ordering on triples is less than η. This is simply because |p| < η.
Now work in
. Suppose K is a normal λ + -saturated ideal on λ, let A ⊆ P(λ)/K be generic, let i : V ′ → N be the associated embedding. It suffices to show that i(P(µ, λ)
. This is because the nature of the projection from P(µ, λ) to P(µ, κ) * Ċol(δ, < λ) gives that two functions in P(µ, λ)/(G * H) are incompatible just when they disagree at some point in their common domain, which is the same criterion for incompatibility in P(µ, λ). We will make a ∆-system argument, but using the more absolute properties (a) and (b) above instead of pure cardinality considerations.
Let {p ξ : ξ < λ + } be a set of conditions in i(P(µ, λ) V ). Since µ < λ + and we have GCH, we can take some X ∈ [λ + ] λ + such that {{α : ∃β∃γ(α, β, γ) ∈ p ξ } : ξ ∈ X} forms a ∆-system with root r. Denote dom(p ξ ↾ r × (λ + ) 2 ) by d ξ . There are unboundedly many η < λ satisfying (b), so let sup r < η < λ + be such that for all ξ ∈ X, the ordertype of d ξ in the Gödel ordering on (λ + ) 3 is less than η. WLOG we may assume ot(d ξ ) = η for all ξ ∈ X. Let d ξ (ν) : ν < η list the elements of d ξ in increasing order. If there is no ν such that {d ξ (ν) : ξ ∈ X} is unbounded in the Gödel ordering, then there is some ζ < λ + such that d ξ ⊆ ζ 3 for all ξ ∈ X. But by property (a) and elementarity, there are < λ + many distinct elements of i(P(µ, λ) V ) ↾ η 3 , so we do not have an antichain. Otherwise, let ν 0 be the least ordinal < η such that {d ξ (ν 0 ) : ξ ∈ X} is unbounded. We can recursively choose ξ α : α < λ + such that for α < β, d ξα (ν 0 ) is above all elements of d ξ β (ν 0 ) in the Gödel ordering. Let ζ be such that {d ξα (ν) : α < λ + and ν < ν 0 } ⊆ ζ 3 . Again by property (a), there must be α < β such that p ξα is compatible with p ξ β . This proves the λ-absolute λ-c.c.
Using a technique of Magidor described in [4] , one can show that if κ is λ-huge (or just λ-almost huge) and µ < κ is regular, then there is a κ + -saturated ideal on κ after forcing with P(µ, κ) * Ċol(κ, < λ). It is unknown whether there can exist a successor cardinal κ and a normal, κ-complete, κ + -saturated ideal on [κ + ] κ . In the above construction, the closest we can come is a κ ++ -saturated ideal on [κ ++ ] κ . The essential reason for this is not in getting the master condition m, as this problem can be overcome by constructing P(µ, κ) with the Silver collapse instead of the Levy collapse. Rather, the construction of the filterĤ seems blocked when we collapse λ to κ + . Finally, we note the mutual consistency of these different "generic hugeness" properties of a successor cardinal: Proposition 3.6. Assume GCH, µ < κ < δ < λ 0 < λ 1 are regular, and κ is both λ 0 -huge and λ 1 -huge. Then there is a generic extension in which κ = µ + , λ 0 = δ + , λ 1 is inaccessible, and: (1) There is a normal, κ-complete, λ 0 -saturated ideal on [λ 0 ] κ . (2) There is a normal, κ-complete, λ 1 -saturated ideal on [λ 1 ] κ .
Proof. Let G * H be P(µ, κ) * Ċol(δ, < λ 0 )-generic. Then (1) holds by Theorem 3.5.
To show (2), we argue almost exactly the same as in the proof of Theorem 3.5, noting that Col(δ, < λ 1 ) V projects to Col(δ, < λ 0 ) V .
